, where d > 1 is a cube-free positive integer, k 0 = Q(ζ 3 ) be the cyclotomic field containing a primitive cube root of unity ζ 3 , and G = Gal(k /k 0 ). The possible prime factorizations of d in our main result [2, Thm. 1.1] give rise to new phenomena concerning the chain Θ = (θ i ) i∈Z of lattice minima in the underlying pure cubic subfield L = Q(
Introduction
Let k = Q( 3 √ d, ζ 3 ), where d > 1 is a cube-free positive integer, k 0 = Q(ζ 3 ), where ζ 3 is a primitive cube root of unity, and k * be the relative genus field of k /k 0 .
In our previous work [2] , we implemented Gerth's methods [7] and [6] for determining the rank of the group of ambiguous ideal classes of k /k 0 and obtained all integers d and conductors f for which Gal(k * /k ) ∼ = Z/3Z × Z/3Z. In contrast with the radicands d of the shape in [1, Thm. 1.1], the possible prime factorizations of d in our main result [2, Thm. 1.1] are more complicated and give rise to new phenomena concerning the chain Θ = (θ i ) i∈Z of lattice minima [10] , [11] , [12] in the underlying pure cubic subfield L = Q( 3 √ d) of k . A lattice minimum θ i is an algebraic integer with norm not exceeding the Minkowski bound of the maximal order O L of L. In particular, all positive units η > 0 of L, which have norm 1, are lattice minima and the original purpose of Voronoi's algorithm [9] was to find the fundamental unit 0 < ε < 1 by constructing the chain Θ and stopping at the first unit encountered, which must be ε.
More recently, however, it was the idea of Barrucand, Cohn [4] and Williams [12] to use Voronoi's algorithm for the classification of pure cubic fields into three principal factorization types, which we have rederived with cohomological techniques in [1, § 2.1]. The clue was to keep track of the norms n i = N L/Q (θ i ) of all lattice minima on the way through the chain Θ, starting at the trivial unit θ 0 = 1. When some n i divides the square of the conductor f of k /k 0 , then θ i is generator of a primitive ambiguous principal ideal in P G L /P Q ≤ P G k /P k0 , more precisely an absolute principal factor, and L is of type β [1, Thm. 2.1]. Now, the new phenomenon which arises for numerous radicands of the form in Equation (1) of [2, Thm. 1.1] is the occasional failure of the chain Θ to lead to an absolute principal factor although L is of type β.
After explaining the connection between radicand d, conductor f , and ramification in k /k 0 in section 2, the formalism of canonical divisors in section 3, and the concept of lattice minima in section 4, we prove necessary and sufficient conditions for the occurrence of generators α of primitive ambiguous principal ideals (α) ∈ P G L /P Q among the lattice minima in the chain Θ = (θ i ) i∈Z in section 5. We develop a powerful new algorithm which elegantly avoids all mentioned problems by using a non-maximal order O L,0 for d ≡ ±1 (mod 9), and by exploiting the impossibility of type γ [1, Thm. 2.1] for d ≡ ±2, ±4 (mod 9), in section 6, and we give an explicit criteria for M0-fields in rational integers in section 7.
The new techniques were implemented for an extensive classification of all normalized radicands 2 ≤ d < 10 6 and they detected serious defects in the previous table [12, § 6 , p. 272, and Tbl. 2, p. 273]. The usual notations is given as follows:
is a pure cubic field, where d > 1 is a cube-free positive integer;
, where ζ 3 = e 2iπ/3 denotes a primitive third root of unity;
• f is the conductor of the relative Kummer extension k /k 0 ;
• v l (x) is the l-valuation of the integer x;
• Θ = (θ i ) i∈Z is the chain of lattice minima in the underlying pure cubic subfield L of k .
• Q is the index of the subgroup E 0 generated by the units of intermediate fields of the extension k/Q in the group of units of k;
• For an algebraic number field F :
-O F , E F : the ring of integers and the group of units of F ;
-I F , P F : the group of ideals and the subgroup of principal ideals of F ;
2 Conductor and ramification
be a pure cubic field with normalized radicand d = a · b 2 , where a > b ≥ 1 are square-free coprime integers. The normalization enforces that the co-radicandd = a 2 · b is strictly bigger than d. It generates an isomorphic field Q( 
This means that all prime divisors of ab are ramified in k /k 0 . If L is of Dedekind's second species with d ≡ ±1 (mod 9), then 3 ab and 3 is unramified in k /k 0 . However, if L is of Dedekind's first species with d ≡ ±1 (mod 9), then either 3 | ab (species 1a) or d ≡ ±2, ±4 (mod 9) (species 1b), and in both cases 3 is ramified in
For a prime number ∈ P, we denote by v : Q \ {0} → Z the -valuation of non-zero rational numbers.
The species of the field L can be expressed by the 3-valuation of the conductor f :
Since the conductor is divisible by 9 for fields of species 1a, it is convenient to define a ramification invariant R which is the product of all primes which are ramified in k /k 0 :
if d ≡ ±2, ±4 (mod 9) (and thus 3 ab), f /3 = ab if 3 | ab. 
, that is, with signature (1, 1) and torsion-free Dirichlet unit rank 1 + 1 − 1 = 1. Thus the total order of the field R of real numbers restricts to L, which we shall need for investigating lattice minima. We point out that the second algebraic conjugate α ∈ L of an element α ∈ L is exactly the complex conjugate of the first (algebraic) conjugate α ∈ L of α, since L = Fix(τ ), τ σ = σ 2 τ , and thus α = α
is a discrete free Z-module of rank three, i.e., a complete lattice in R 3 .
Definition 4.1. The norm cylinder of a point x = (x, y, z) in Euclidean 3-space is defined by
If O ⊆ O L is an order of the field L, not necessarily the maximal order, then an algebraic integer α ∈ O with α > 0 is called a lattice minimum of O if
or, equivalently, observing that Re(α )
Note that the volume of the cylinder is given by Concerning the second claim, which is also valid for any algebraic integer α ∈ O L with α > 0
Consequently (αδ) (αδ) = α α · δ δ > α α and αδ > α, which means that O = ψ(α) ∈ N (ψ(αδ)) and therefore αδ ∈ Min(O L ). Similarly, the proof for αδ. 
Here, β denotes one ofᾱ,ᾱ δ d1d4d5 ,ᾱδ d1d2d4 . In Definition 4.2, which presents the mysterious M0-fields as the central objects of our subsequent investigations, because of their unpleasant impact on the classification problem and corresponding serious defects in tables of cubic fields [12] , we use the isomorphism
induced by the principal ideal mapping ι :
, and we assume that the integral part ∆ L/Q ∩ O L , which always contains the radical group ∆ := {1, δ,δ}, is generated by the trivial principal factor δ and an additional non-trivial principal factor α. For the same reason as for replacing the non-primitive square
we also replace α 2 byᾱ :=
, as explained below by means of the canonical divisors. Then we have
represented by the norms (with abbreviations ab 
So there are precisely 21 cases of M0-fields in this range.
Lemma 4.2.
If the fundamental unit ε is the th lattice minimum, counted from the trivial unit 1 in the direction of increasing height, then the norms of lattice minima are periodic with primitive period length , that is,
Proof. Let ε > 1 be the normpositive fundamental unit bigger than the trivial unit 1 of L. Then 0 < ε −1 < 1 is the inverse normpositive fundamental unit of L. Due to the decomposition
of the chain Θ, respectively of the set Min(O L ), where θ n· = ε n for all n ∈ Z, into orbits under the action of E + L = {ε n | n ∈ Z} with representatives 1 ≤ θ j < ε, 0 ≤ j < , in the first primitive period, visualized impressively in Figure 1 , we have
and thus
Necessary and sufficient conditions for minimal principal factors
We now state the main theorem on principal factors among the lattice minima.
be a pure cubic field of principal factorization type β with normalized cube-free radicand
, where v ≥ 1 at most for d ≡ ±2, ±4 (mod 9), and that γ =
Then the criteria for the occurrence of α among the lattice minima of the chain Θ of the maximal order O L , respectively Φ of the non-maximal order O L,0 with conductor l σ l, where
, can be partitioned in the following way:
• Conditional criteria in dependence on
1. If L is of species 1b, d ≡ ±2, ±4 (mod 9), and v = 1, or L is of species 2, d ≡ ±1 (mod 9), let two critical bivariate polynomials be defined by
Then the following necessary and sufficient criterion holds:
For (u 1 , u 2 ) = (1, 1), a coarse sufficient, but not necessary, condition is given by:
where the bound is defined by
2. If L is of species 1b, d ≡ ±2, ±4 (mod 9), and v = 2, let a critical bound be defined by
Proof. The major part of the proof is due to Williams. However, it is scattered among several papers [10, 11, 12] , and some cases have never been formulated as necessary and sufficient criteria.
, where v ∈ {0, 1, 2} and v ≥ 1 at most for d ≡ ±2, ±4 (mod 9).
• Concerning the unconditional criteria: In Figure 2 , the upper part Y ≥ 4 of the zero locus of the bivariate polynomial
is plotted. This is the part which is relevant for deciding whether a principal factor whose norm is not divisible by 9 is a lattice minimum or not, because in Equation (19) of Theorem 5.1 the conditions P 4 (u 1 γ, −u 1 u 2 y) < 0 and P 4 (u 2γ , −u 1 u 2 y) < 0 must be checked, both for (u 1 , u 2 ) = (1, 1), γ > 1,γ > 1 and y = γγ ≥ max(γ,γ). Consequently, the quadrant X > 0, Y < 0, where the zero locus reaches down to Y = −16, does not concern the decision. In the green triangles Y ≤ √ 6, respectively Y ≥ 2, the condition holds automatically, in the blue regions, only the left, and in the red regions the left and right inequality must be tested.
Corollary 5.1.1. Under the assumptions and notations of Theorem 5.1, a further coarse sufficient, but not necessary condition, is given by:
for either d ≡ ±2, ±4 (mod 9) with v = 1 or d ≡ ±1 (mod 9).
Proof. This also follows from investigating the zero locus of P 4 (X, Y ) in the XY -plane.
Classification algorithm
We continue with another main theorem on the classification of pure cubic fields into principal factorization types [1, § 2.1] with the aid of Voronoi's algorithm. The decisive innovation in contrast to previous classification algorithms is the use of a non-maximal order for species 2.
be a pure cubic field with normalized cube-free radicand d ≥ 2, ramification invariant R, according to equation (3), and subfield unit index Q, according to [1, § 2.1]. Denote the chain of lattice minima of the maximal order O L by Θ = (θ j ) j∈Z and its primitive period length by ≥ 1. Then the following necessary and sufficient criteria determine the principal factorization type of L in dependence on the Dedekind species of the radicand d.
If L belongs to species
2. If L belongs to species 1b, d ≡ ±2, ±4 (mod 9), then L is of (a) type α ⇐⇒ Q = 1,
(c) For this species, L can never be of type γ.
3. If L belongs to species 2, d ≡ ±1 (mod 9), let Φ = (φ j ) j∈Z be the chain of lattice minima of the non-maximal order O L,0 with conductor l σ l, where 3O L = l σ l 2 [5] , and 0 ≥ 1 its primitive period length. Then L is of (a) type α ⇐⇒ Q = 1,
Remark 6.1. This remarkable algorithm deserves several remarks.
1. Our progressive innovation to use the non-maximal order for the guaranteed detection of an absolute principal factor is an incredibly powerful and easily implementable technique which circumvents the error prone method of Williams in [12, § 4, pp. 268-271].
2. Actually, we have used this algorithm to achieve the extensive classification of all 827 600 fields with d < 10 6 , as described in [1, Exm. 2.1]. For more detailed statistics see Table 1 , where column B = 15 000 is included with corrected results for [12, § 6, p. 272].
3. For item 2.(b) of Theorem 6.1, Q = 3 alone would be sufficient, but the determination of Q requires the fundamental unit ε = θ at the end of the full period, whereas usually a θ j with N L/Q (θ j ) | R 2 has a subscript 1 ≤ j < of approximate magnitude /3 or 2 /3, and thus admits an earlier termination of the algorithm at a third or two thirds of the period.
Proof. The equivalence of type α with a subfield unit index Q = 1 is true independently of the Dedekind species, according to [1, Eqn. (5) in Rmk. 2.1]. For the other two types β and γ, where Q = 3 for both, we distinguish the species.
1. For species 1a, d ≡ 0, ±3 (mod 9), the unconditional criterion 1 in Theorem 5.1 proves that a non-unit α with norm n = N L/Q (α) dividing R 2 must occur as a lattice minimum α = θ j in the chain Θ of the maximal order O L . Thus the occurrence of such a θ j is equivalent with type β. The lack of such a θ j implies type α or γ and type α must be discouraged by Q = 3. 2. A necessary condition for type γ, that is, the occurrence of a unit Z ∈ E k such that N k /k0 (Z) = ζ 3 , is that the conductor f of k /k 0 is divisible only by 3 or primes ≡ ±1 (mod 9). For species 1b, d ≡ ±2, ±4 (mod 9), there must exist a prime divisor ≡ ±2, ±4 (mod 9) of f and type γ is impossible. Therefore, type β is equivalent with Q = 3, and only for accelerating the algorithm it is worth while to check the possible occurrence of a lattice minimum with norm dividing R 2 .
3. For species 2, d ≡ ±1 (mod 9), the unconditional criterion 3 in Theorem 5.1 shows that a non-unit α with norm n = N L/Q (α) dividing R 2 must occur as a lattice minimum α = φ j in the chain Φ of the non-maximal order O L,0 . Therefore the occurrence of such a φ j is equivalent with type β. The lack of such a φ j enforces type α or γ and type α must be eliminated by Q = 3. (Note that α is coprime to the conductor l σ l [5] .)
Explicit criteria for M0-fields in rational integers
It is useful to specialize the general Theorem 5.1 to situations, where the occurrence of a principal factor among the lattice minima can be characterized in terms of the canonical divisors d 1 , . . . , d 6 . The most convenient situation appears for a squarefree radicand , minimal in the first coset
(26)
Proof. The claim concerns both non-trivial cosets of principal factors, the first coset of α with norm n = d 1 d 
and their product y = γγ = (
The minimality of n in its coset yields relations between the magnitude of the canonical divisors, d
, that is, formula (25).
We exploit the coarse sufficient condition in Corollary 5.1.1:
The connection between the congruence invariants and the residue class of the canonical divisors is given by the forbidden case u 2 ) = (1, 1) , and the admissible cases
For the second coset, we have to split the investigation.
• If d The connection between the congruence invariants and the residue class of the canonical divisors is given by
Again, we employ the coarse sufficient condition in Corollary 5.1.1: The connection between the congruence invariants and the residue class of the canonical divisors is given by
Again, we employ the coarse sufficient condition in Corollary 5.1.1:
Finally we collect all required inequalities for the first and second non-trivial coset, and we must make sure that not u 1 = u 2 = 1, which is the case if not In Table 2 , we compare the crucial locations in the chains of both orders. By the general theory of principal factors, we have the characteristic relations ε
, which shows that Voronoi's algorithm can be terminated at β already, only a third of the period, to get the fundamental unit. Of course, by Example 7.1, we cannot find principal factors in the chain Θ. However, instead we encounter the shadows of β and α in the maximal order, that is, the actual lattice minima within the norm cylinders of β and α: Table 3 , we show for some radicands d of M0-fields whether the proof is possible either by coarse rational integer criteria y = γγ < C ( ) or only by fine multiprecision criteria P 2 (u 1 γ, u 2γ ) < B involving irrationalities, when y ≥ C ( ). 
Conclusion
In our previous work [2] , have characterized in all Kummer extensions k /k 0 , which possess a relative 3-genus field k * with elementary bicyclic Galois group Gal(k * /k ). The underlying pure cubic subfields L = Q( 3 √ d) partially reveal the rare behavior that none of the generators of primitive ambiguous principal ideals occurs among the lattice minima of the maximal order O L . We have given necessary and sufficient conditions for these exotic fields. Since their existence has an unpleasant impact on the classification of pure cubic fields L by means of Voronoi's algorithm, we have developed and implemented a marvellous technique for unambiguously determining the principal factorization type of L, thereby correcting serious defects in earlier tables.
